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Abstract
The electrical impulses (action potentials, APs) generated spontaneously in the
sinoatrial node (SAN) in the heart were modeled in this article. Simulation results
revealed that the frequency of APs in the SAN is proportional to value of the e
parameter and b parameter, and it is inversely proportional to c 1 parameter value.
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Introduction

Electrical signals of the heat are generated in the sinoatrial node (SAN) situated in the right
atrium [1], [2]. SAN works as an pacemaker which determines the heart frequency.
Shape of electrical impulses in heart called action potentials (APs) varies in different cardiac
cells. Many local models of different types of atrial, ventricular and nodal cardiac cells head been
developed on the cellular level [3], [4]. The propagation of electrical activity in the heart can be
modeled using models based on reaction - diffusion (RD) equations (e.g. monodomain models) that
for local tissue characteristics incorporate the cell models [5], [6].
The physiologically based models, like [4], [7], are capable to model the shape of AP to details,
but when they are incorporate into RD spatial model, its numerical is enormously time consuming.
The simplified models, like FitzHugh-Nagumo (FHN) model [8], [9], bring solution at acceptable
time, but catch only main features of AP shape.
The influence of FHN model parameters on generated AP in SAN was evaluated in this article
for both the local and the spatial model of the SAN.
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Description of the FitzHugh-Nagumo Model of the SAN

Membrane potential V m in SAN cells can be determinated locally using the modified FitzHughNagumo (FHN) [8], [9] ordinary differential equation:
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is the ionic transmembrane current density normalized to C m
is the recovery variable
is the membrane-specific parameter
is relating to the membrane excitability
is the action potential amplitude
is the resting membrane potential and
is the membrane capacity.

The ionic transmembrane current density i ion can be modeled using the FHN equation:
iion = k c1 (Vm − B ) (− (V A− B ) + a )(− (V A− B ) + 1) + k c2 R
m

m

where
a is relating to the excitation threshold and
c 1 , c 2 are the other membrane-specific parameters.
This local model was numerically solved and evaluated in Matlab.

(3)

Time and spatial changes of membrane potential V m can be modeled by partial differential
equation (space model) incorporating the FitzHugh-Nagumo equations (2) - (3):
∂ Vm
= ∇ ⋅ (D ∇Vm ) − iion
∂t

(4)

where the tissue diffusivity D is dependent on the tissue conductivity σ , the membrane surface-tovolume ratio β and the membrane capacitance per unit area C m .
σ
D=
(5)
β Cm
This spatial FHN model defined by Eq. (2) - Eq. (5) was numerically solved in Comsol
Multiphysics program.
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Parameters of the FitzHugh-Nagumo Model

The default values for the modified FHN model parameters [8], [9] of the sinoatrial node and
the atrial membrane are given in Table 1. Default value of atrial diffusivity incorporated into RD
model is set to D = 0.0005 m2/s, relating to tissue conductivity σ = 0.5 S/m when supposed
C m = 1 μF/cm2 and β = 1000 cm-1, while nodal conductivity and diffusivity is taken 10 times smaller.
The default initial values of membrane potential V m and recovery variable R are given in Table 1.
The membrane potential V m generation and propagation was computed using a slab model of
size 20 x 20 x 4 mm (Fig. 1) representing atrial tissue, in which is in the middle situated SAN.
Geometry of SAN is modeled as semisphere of 2 mm radius.
Table 1: DEFAULT PARAMETERS VALUES FOR THE MODIFIED FHN MODEL [8], [9]
Default Parameter Values

a
b
c1
c2
d
e
A
B
k
V0
R0
D

SAN
Tissue
-0.6
-0.3
1000
1
0
0.080
0.033 V
-0.022 V
1000 1/s
-0.035 V
-3.7
0.00005 m2/s

Atrial
Tissue
0.13
0
2.6
1
1
0.0132
0.120 v
-0.085 V
1000 1/s
-0.085 V
0.1
0.0005 m2/s

...
A

B

Figure 1: (A) The generated mesh of the slab model of the atrial heart wall with the SAN in the middle
(red color). (B) The position of the points (red dot) from which data were taken. The axes are in mm.
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Results

An example of spatial distribution of membrane potential V m at time t = 15 ms in the SLAB
model obtained from numerical solution in Comsol Multiphysics for default values of FHN parameters
is shown in Fig. 2.
Time courses of the membrane potential V m and recovery variable R solved numerically in the
spatial RD model (slab) are shown in Fig. 3 and Fig. 4. APs in atrial tissue were triggered by APs
spontaneously generated in SAN (pacemaker of the heart).

Figure 2: Spatial distribution of membrane potential Vm (in volts) at time t = 15 ms in the slab model.

Figure 3: Time courses of the membrane potential V m at x = 0 mm (SAN) and at x = 5 mm (atrial
tissue) in the slab model.

Figure 4: Time courses of recovery variable R at x = 0 mm (SAN) and at x = 5 mm (atrial tissue) in the
slab model.

Time courses of the membrane potential V m solved numerically in the local model in Matlab for
various values of the e parameter are shown in Fig. 5. Solution for the same values of the e parameter
solved in the spatial RD model (slab) in Comsol Multiphysics is shown in Fig. 6. Frequency of SAN
increases with the increase of the e parameter value.
Solution of the local and the spatial model was compared for the value of the parameter
e = 0.160 in Fig. 7. As it is shown, the frequency of SAN is slightly higher in the spatial model.

Figure 5: Time courses of the membrane potential V m for various values of the e parameter in the local
model in Matlab.

Figure 6: Time courses of the membrane potential V m for various values of the e parameter in the slab
model.

Figure 7: Time courses of the membrane potential V m in the local and spatial model for e = 0.160.

Time courses of the membrane potential V m solved numerically in the local model in Matlab for
various values of the b parameter and c 1 parameter are shown in Fig. 8 and Fig. 9, respectively.
Frequency of heart determined by the frequency of SAN increases with the b parameter value
increase and decreases with the c 1 parameter value increase.

Figure 8: Time courses of the membrane potential V m for various values of the b parameter in the local
model (V 0 = -0.040 V, R 0 = -1).

Figure 9: Time courses of the membrane potential V m for various values of the c 1 parameter in the
local model (V 0 = -0.035 V, R 0 = -3.7).
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Conclusion

In the article, the spontaneous electrical activity generated in the SAN in the heart was modeled.
Frequency of SAN increases as the e parameter and b parameter increases, while the SAN frequency
decreases with the increase of the c 1 parameter value. It was shown from simulation results that the
frequency of SAN is slightly higher in the spatial model than in the local one.
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